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1. Find the points on the curve xy2 = 54 nearest the origin.

2. Use the method of Lagrange multipliers to find the dimensions of the rectangle of
greatest area that can be inscribed in the ellipse x2/16+y2/9 = 1 with sides parallel
to the coordinate axes.

3. Find the dimensions of the closed rectangular box with maximum volume that can
be inscribed in the unit sphere.

4. (a) Show that the maximum value of a2b2c2 on a sphere of radius r centred at the
origin of a Cartesian abc-coordinate system is (r2/3)3.

(b) Using part (a), show that for nonnegative numbers a, b, and c,

(abc)1/3 → a+ b+ c

3

the arithmetic-geometric mean inequality for three nonnegative numbers.
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1. Find the points on the curve xy2 = 54 nearest the origin.

↑

g(x,y) = xy2 Geometric constraint g(x ,y)
= 54.

f(x ,y) = x+yz T

x
=

+yz - xxyz - 54x
Then consider F(x ,y, x)

= f(x,y)
- x(g(x ,y) - 54)

~

Solve for : DFGy , 1) =0
ES = E = 2x-xy-()S 8= -E = 2y-2xxy (2)

0 % = -xy+54 . (3) . (g(x ,y)= 54)
(1) : 2x=y2 = x=
Sub wit (4 : 0= 2y

- 2x(y)y = 2y- x y3 = y(z- 1 - yz)
-> either y

=0
,
ory

If y
=5
, then X=0 .

But then g(x ,y)+ 54.
Sub yeits (1) : = 2x =y =x== X=*
Sub into (3) :

*= 54 = X =z = 1=5 x=3

y =18 = y=13 .

f(3,352) = 3 +(38)" = 9+ 18 = 27 .

f(3, ziz) =3 +73)= 27 .

So the prints on g(xy/ =54 nearest the origin are (3,135)%
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2. Use the method of Lagrange multipliers to find the dimensions of the rectangle of
greatest area that can be inscribed in the ellipse x2/16+y2/9 = 1 with sides parallel
to the coordinate axes.

Y13
~ Ko , yp)

F(xy) = 4xy .

= Area of inscribed
rectanglee.

↓ x g(x ,y)=x+y = 1 .

By Lagrange Multiplier :
4y= () Jif =IgE 4x =2 (2)

x2 2

is+ = )
.

(3) . 3 g= 1.

() -> y= Subints (2) : 4x=2* 4 .9

9 => X=124
·

(by (3) , safety assume
X+0 7 .

1= 24 : (1) becomes
y=X=X .

Sub into (3) : 1=+ = X=12

y = 13Z
.

X= -24 : (l) becomes y=
X = X= I2E

y= =3
So area = 21 .3 .4 = 48

.

length = 4F
midth =3E/.
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3. Find the dimensions of the closed rectangular box with maximum volume that can
be inscribed in the unit sphere.

Ya

#
Ko

,yo,0
Ey=Exy
g(x ,y,z)

= x+y+z2=1 .

L By Lagrange multipliers ,
need to solvethe system

:

Z

Fijz = 2k (1)

S 8xz = zxy (2)

Oxy= ziz
(3)

x +z) (4)Ey
↓

Solving the system gives1I , X=y
= z = I⑮

So the dimensions of the beg with maximum volume
is the by i byI box.

/
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4. (a) Show that the maximum value of a2b2c2 on a sphere of radius r centred at the
origin of a Cartesian abc-coordinate system is (r2/3)3.

(b) Using part (a), show that for nonnegative numbers a, b, and c,

(abc)1/3 → a+ b+ c

3

the arithmetic-geometric mean inequality for three nonnegative numbers.

9 flaib ,c) = albe glab ,e)
==b+c = r

ByLagrange multipliers :

S
zabe = 21a(1)
2bae = 2xb (2
zcatb2 = 2xe(3)
atb+c= r2 (4)

·

CI) - (2) : 0=Zaber-Zbac-2a+2b

=2abc (b - a) +2)(b-a)
= (b-a)(2abe2 +21)) .

=> Either G=b
,
or X= -abe

.

When arb : (3) becomes O = Zeat-2xc = 2c(a4- b)
:)Either c= 0 , or at = 1 . = a= x = b= X
I

ife=0, then
f = 0 , Sorejeoa

(2) - (3) : 0 = (c- b) (2azbe +2,)
=> either c=b or it=-abe

=> c= Xt
,

Then in (p):==3()
*

= 3x = x=
=>G= =b= c .



so fl,) =/
3) If (a,b,ve) ison the splace of radius r , then atbe=1-

by part (a) : 1
aba =f(, ,)e(3 = (at)

3

Taking cube root , get

cabe


